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ABSTRACT 
A necessary and sufficient condition for the existence of subspaces of specified 
type of a vector space under the orthogonal group over a finite field of odd 
characteristic is obtained, and the number of orbits of subspaces is computed. 
In this paper we assume that Fc7 is a finite field with q elements, where 
q is a power of an odd prime, and we choose a fixed nonsquare element z 
of F<,. 
Let n = 2 u + 6, where v is an integer 2 0 and 6 = 0, 1, or 2. We 
introduce the symbol 
(4 if S=O, 
A = I (1) 
or (z) if S= 1, 
(’ -z) 
if S=2, 
and let 
s 2v+S,A = 
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We call A the definite part of Szuts &. If S = 0 or 2, we write simply S,, 
and Ssu+s for Ss, h and S2v+2,h, 
+ 6) matrices T such that 
respectively. The set of all (2~ + 8) X (2~ 
TS 2v+6,ATT = S?_u+6,A 
forms a group with respect to the matrix multiplication, called the orthogonal 
group of degree 2u + 6 over lFy with respect to Szu+s, h and denoted by 
0 2v+ 6, h(Q). 
Let P be an m-dimensional subspace of the (2 v + 6)-dimensional row 
vector space Vzu+ s (IF,). We use the same symbol P to denote any m X (21, 
+ S) matrix whose rows form a basis of the subspace P. It is well known [l] 
that PS. 2v+,s, A P’ is congruent to one of the following normal forms: 
M( m, 2s, s) 
M(m,2s + 1, s, 1) 
M(m,Bs + l,s, z) 
M(m,2s + 2, s) = 
where s is called the index of P and satisfies the inequalities 0 < 2s < m, 
0<2s+l,<m,O<2s+l,<m, or 0 < 2s + 2 < 6~, respectively. Then 
we say that P is a subspace of type (m,2s, s>, (m,2s + 1, S, 11, (m,2s + 
1, s, z), or (m, 2s + 2, s), respectively, with respect to S, “+ s, n in V,,,, 8(ff,,). 
We also use the symbol (m, 2s + y, s, r> to cover these four types, where 
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o G s Q [(m - y)/21, Y = 0, 1, m-2, and 
r= h, I 
if y=O, 
or (z) if y= 1, 
(' _;) if y=2. 
By Witt’s theorem [6] two subspaces P, and Pz of Vz,+ ,(Fq) can be carried 
from one into the other by an element of Ozu+ s ,(5,> if and only if 
P, S2,,+ 6, b P:’ and P, S2”+ s, A Pz are congruent, i.e., if and only if P, and P, 
are of the same type. Let P be a subspace of type (m, 2s + y, s, r> in 
v 21,+s([F,,) with respect to Sev+S,A; then m, s, y, and IY form a complete 
system of invariants of P under O2v+6 A. 
THEOREM 1. Subspaces of type (m, 2s + y, s, I’> with respect to S2,,+6, A 
exist in V,,+,(Fq) if and only if 
Bs+y=Gm< 
vfs + min(S,y) wheny#6,ory=Sandr=A, 
v+s wheny=C?=Iandr#A. 
(1) 
Proof. First, we prove the sufficiency of (1). If y = 0, then (1) reduces 
to 
2sgm<v+s. (2) 
Under the condition (2), 
9 m - 2s u+s--m m-2s 3 u+s--m s 
I Z’“’ 0 z(m-2s) 0  00  I’“’ 0 0  0  0  I 
s m - 2s v+s-In s m - 2s v+s-m s 
i Z’“’ 0 z(w2s) 0 0  I’“’ 0  0  0  0  I 
is a subspace of type (m, 2s, s) with respect to S,,, s, A(Fq4> in V,,,, ,(fFq). 
Now assume that y > 1. We distinguish the cases S = 0, 1, and 2. 
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If 6 = 0, then (1) reduces to 
(3) 
Under the condition (3), 
1 I’“’ 0 0 1 pwzv-1) 0  
where d = 1 or z, and 
I 2 ,,I - 2.5 2 V+Vp 
‘I(S) () 0 0 
0 0 0 0 
0 P’ 0 0 
\o 0 I(rrl-es-2) 0 
0 0 0 
0 Z’“’ 0 
0 0 d/2 
0 0 0 
,r, 5 2 
0 0 
I”’ 0 
0 ( l/2 -z/2 1 
0 0 
0 
0 
0 0 
0 0 
0 0 I 
0 0 
0 0 
0 0 
0 0 
are subspaces of types (m, 2s + 1, s, n> and Cm, 2s + 2, s), respectively, with 
respect to S, y in V, “(Fq 1. 
If 6 = 1, then (1) reduces to 
2sf y<m< 
i 
v+s+l ify= 2,ory= landr = A, 
v+s 
ifr=lbutr+A. (4) 
Under the condition (4, 
E ,,I - 2s - 1 v+s-m+1 s ,,L - 2,5 - I u+s-m+l 1 
I’“’ 0 0 0 0 0 0 
0 0 0 I’“’ 0 0 0 
0 0 0 0 0 0 1 ’ 
0 l(W2SFl) 0 0 0 0 0 1 
s 1 ,n-2s- 1 Y + 6 - m s I ln - 2s - 1 u+s--nr 1 
I(“) 0 0 0 0 0 0 0 0 
0 0 0 0 I’“’ 0 0 0 0 
0 1 0 0 0 r/2 0 0 0 
0 0 pnr-zs-1) 0 0 0 0 0 0 
ORTHOGONAL INVARIANTS OF A SUBSPACE 127 
where r # A, and 
9 1 ,,I - 2s - 2 v+s~rn+ I Y 1 >)L - 2,s 3 v + s - 
lp 0 0 0 0 0 0 0 
0 0 0 0 {“’ 0 0 0 
0 0 0 0 0 0 0 0 
0 1 0 0 0 -=A/2 0 0 
0 0 p”l-“s-z) 0 0 0 0 0 
,,L t1 1 
0 
0 
1 
0 
0 
are subspaces of type Cm, 2s + 1, s, A), Cm, 2s + 1, s, r), and (m, 2s + 2, s>, 
respectively, with respect to Szv+ I A in Vg,+ ,(ff,>. 
Finally, let 6 = 2; then (1) red’uces to 
2s+y<m<v+s+f. 
Under the condition (51, 
Y ,)I - 2s - 1 ” + s - ,,L + 1 J m - 2s 1 
i 1 0 b) pn-2s-1) 0 0 I’“’ 0 0 
where : r2 - 4 = d = 1 or z, and 
s nt-2s-2 v+s-m+2 s UL - 2s - 2 
z’“) 0 0 0 0 
0 0 0 I’“’ 0 
0 0 0 0 0 
0 z(n1-2s-2) 0 0 0 
Vi 8 - nz + 
0 
0 
0 
0 
ts-m+2 2 
0 0 
0 0 
0 z(2) ) 
0 0 1 
are subspaces of type (m, 2s + 1, s, d) and (m, 2s + 2, s), respectively, with 
respect to S2v+2 in V,.+,@,). 
Hence the sufficiently of (1) is completely proved. 
Now let us prove the necessity of (11. Let P be a subspace of type 
(m, 2s + y, s, I?> with respect to S2r+S d in V,,+,(Fq,>. Then there is an 
m x m nonsingular matrix Q over IF, s&h that 
Q(PS2v+ 8, A PT)QT = M(m,2s + y, s, IT). (6) 
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It follows that 2s + y < m. Moreover, we can find a (2s + S - m) X (2~ + 
13) matrix Z such that 
QP 
i 1 Z 
is nonsingular. We can write 
where A = M(2.s + y, 2s + y, s, IY) and C is a symmetric matrix. Let 
then 
(7) 
(8) 
(9) 
where D = C - A”A- ‘A is symmetric. Since Szy+ s, A, (71, and (8) are all 
nonsingular, (9) is also nonsingular. Thus the (m - 2s - 7) X (2~ + 6 - m> 
matrix B isofrank m-2s- y. Hence2v+6-m>,jn-2s- y,and 
consequently 2( v + s - m) + 6 + y > 0. For simplicity we write (T = 2(v 
+ s - m> + 6 + y. It is clear that (8) IS congruent to a matrix of the form 
29 + y ,,I - 2s y ,,L - 2 E - y 0 
(A 0 0 0 \ 2s + y 
0 0 I 0 I,, - 2\ - y 
0 I D,, D,, ,,,-z,-~’ 
\o 0 D;, D,, , c 
where D,, and D,, are symmetric, and hence congruent to a matrix of the 
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form 
IA 
0 1 
IO ’ 
\ c 1 
where C is a u x (T nonsingular symmetric matrix. 
Now we distinguish the cases 8 = 0, 1, and 2. 
Consider first the case 6 = 0. Since (9) and S,, are congruent, the 
definite part of C is of the same size as the definite part of A. But the 
definite part of A is y X 7. Therefore v + s - m > 0. Hence we have 
2s + y Q m < v + s. (10) 
Next, let 6 = 1. Since (9) and S2”+ r, h are congruent, the definite part of 
C is of size 1 X 1, 0 X 0, 2 X 2, or 1 X 1 corresponding to the cases y = 0, 
y = 1 and I7 = A, y = 1 and r z A, or y = 2, respectively. Therefore we 
have 
2s + y< m Q 
v-t s + min(l, y) ify# l,ory= landr= A, 
v+s ify= lbutf’# A. 
Finally, let 6 = 2. Since (9) and SsU+ 2 are congruent, the definite part of 
2 is of size (2 - y) X (2 - y). Therefore 
2s + y < m d v + s + y. (12) 
These assemble to give (1). 
Theorem 1 is now completely proved. 
From Theorem 1, we deduce 
THEOREM 2. The number of orbits of subspaces of V2,+ s((Fv) under 
0 2u+ 8, bOF,) is equal to 
2v( v + 6 + 1) + 2*. (13) 
Proof. By Witt’s theorem the number of orbits of subspaces of V, “+ 6 ([F,) 
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under 0 ,,+g,d([Fr,) is equal to th e number of types (m,2s,+ y, s, IY> of 
subspaces with respect to Szv+ &, A in Vz,,+ s ([F,). By Theorem 1, the parame- 
ters m, s, and 7 of the subspace type satisfy (1). Thus it is sufficient to 
enumerate the number of triples (m, s, 7) of nonnegative integers which 
satisfy the condition (1). We treat the three cases 6 = 0, 1, and 2 one by one. 
(a) 6 = 0 In this case, (1) reduces to (10). If y = 0, then (10) becomes 
2s < m < v + s, from which we deduce 0 < m ,< 2v. Clearly, 2s < m < v 
+ s is equivalent to m - v < s < m/2. Thus for 0 < m < v, s can take 
[m/2] + 1 values 0, 1, . . , [m/2], and for v < m < 2v, s can take [m/2] - 
(m - v) + 1 values m - v, m - v + 1, . , [m/2]. Consequently, the num- 
ber of subspace types (m, 2s, s) in V,,,(lF,) is equal to 
,g[;] + 1) + ,nzt+i([;] - (m - v> + 1) = W + 3v-t v>. 
If y = 1, (10) becomes 2s + 1 < m < v + s, from which we deduce 1 < m 
< 2V - 1. Clearly 2s + 1 f m < v + s is equivalent to m - v < s < (m - 
1)/2. Similarly, the number of subspace types (m, 2s + 1, s, r) in V,“(ff(,,,> is 
equal to 
It, ([VI + 1) + r:zIl ([VI - Cm - v) + 1) 
= +(v” + v). 
Notice that when y = 1, r can take the two values 1 and z. Finally, let 
y = 2; then (10) b ecomes 2s + 2 < m < v + s, from which we deduce 
2 < m < 2 v - 2. Clearly 2s + 2 < m < v + s is equivalent to m - V < s 
< (m - 2)/2. Similarly, the number of subspace types (m, 2s + 2, s> in 
V,,(E,) is equal to 
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Summing up, we obtain 
;( v2 + 3v + 2) + 2 * $( v* + v) + p< v* - v) = 2v” + 2v + 1. (14) 
(b) S = 1. In this case, (1) reduces to (11). If y = 0, then (11) becomes 
2s < m < v + s. As in the case S = 0 and y = 0, the number of subspace 
types Cm, 2s, s) with respect to Szu+ ,, B in V,,, ,(Fq) is equal to 
+(v” + 3v-t 2). 
If y = 1 and r = A, then (11) becomes 2s + 1 ,< m < v + s + 1, from 
which we deduce 1 < m Q 2 v + 1. Clearly, 2s + 1 < m Q v + s + 1 is 
equivalent to m - v - 1 < s < (m - 1)/2. Therefore the number of sub- 
space types (m, 2s + 1, s, A) with respect to S,,,,, B in V,,, ,(F(,) is equal to 
,l$l ([y] + 1) + m~it~2([~] - (m - v- 1) + I) 
If y = 1 and r z A, then (11) b ecomes 2s + 1 < m < v + s. As in the case 
S = 0 and y = 1, the number of subspace types Cm, 2s + 1, s, I? where 
r # A, with respect to Szv+ i, B in V,,, ,(Eq) is equal to 
i(v” + v). 
Finally, if y = 2, then (11) becomes 2s + 2 < m < v + s + 1, from which 
we deduce 2 < m < 2 v. Clearly, 2 s + 2 =G m < v + s + 1 is equivalent to 
m-v-l< , s < Cm - 2)/2. Therefore the number of subspace types 
Cm, 2s + 2, s> with respect to S2”+i b in V,,+,@,> is equal to 
= i(v” + v). 
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Summing up, we obtain 
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2~~(v”+3v+2)+2~$(v2+~)=2u,e+4v+2. (15) 
(c) 6 = 2. In this case, (1) reduces to (12). If y = 0, (12) becomes 
2s < m < v + s. As in the case S = 0 and y = 0, the number of subspace 
types (m, 2s, s> in V,,+,(F,> is equal to 
$( v2 + 3v + 2). 
If y = 1, (12) b ecomes 2s + 1 < m f v + s + 1. As in the case S = 1, 
y = 1, and r = A, the number of subspace types (m,2s + 1, s, r) in 
V 2u+ 2(ffcI) is equal to 
i(v’+31,+2). 
Notice that when y = 1, I can take two values 1 and =. Finally, let y = 2; 
then (12) becomes 2s + 2 < m < I, + s + 2, from which we deduce 2 < rn 
< 2u + 2. Clearly, 2s + 2 < m < v + s + 2 is equivalent to m - v - 2 < 
s < (m - 2)/2. Th erefore the number of subspace types (m, 2s + 2, s) in 
Vz,+ ,<lF(,) is equal to 
= i(r? + 3v+ 2). 
Summing up, we obtain 
4+“+3v+2)=2+“+3u+2) 
Assembling (141, (151, and (161, we obtain (13). 
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